Introduction
Consider the equations of motion of Bohmian mechanics for a system of N particles with masses m 1 , ..., m N moving in physical space IR 3 : the wave function ψ evolves according to Schrödinger's equation
and the configuration Q = (Q 1 , . . . , Q N ) ∈ IR 3N , with Q k ∈ IR 3 denoting the position of the k-th particle, evolves according to Bohm's equation
where the velocity field v ψ = (v ψ 1 , . . . , v ψ N ) is determined by the wave function ψ (Bohm 1952) . This velocity field is regular on the subset of IR 3N where ψ = 0 and is differentiable. The question arises as to what happens if the configuration Q t , when moving in accordance with (2) along integral curves of v ψt , reaches at some time τ a singularity of v ψ , for example a node of the wave function, i.e. a point where ψ = 0.
In general, the event of reaching a singularity of v ψ corresponds to a singularity of the motion: the velocity dQ t /dt becoming infinite, Q t being discontinuous, or even "exploding," i.e. reaching infinity as t → τ . In some cases it may be possible to continue the Bohmian trajectory through a singularity of the velocity field, but in any case, Eqn. (2) is not defined at singularities of v ψ , and the theory would have to be supplemented by a suitable prescription for how to extend the motion through a singularity, or which trajectories to avoid.
We should therefore consider the following problem-the initial value problem in
Bohmian mechanics: For given initial values ψ 0 and Q 0 at a time t 0 (we shall put t 0 = 0), do there exist global unique solutions (ψ t , Q t ) of (1,2) such that ψ t 0 = ψ 0 and Q t 0 = Q 0 ? A positive answer to this question for all or at least for a suitable majority of initial conditions, or for a class of "physically relevant" initial conditions, is certainly important: the limits of global existence of solutions may hint at limits of validity of the theory.
Let us first give a simple explicit example where indeed some trajectories reach nodes of the wave function. Consider the one-dimensional harmonic oscillator (with h = m = ω = 1), i.e, the potential V (q) = q 2 /2, and take as the wave function a superposition of the ground state and the second excited state:
This wave function leads to a velocity field v ψ which is an odd function of q and periodic in time with period π. The Bohmian motion is therefore invariant under reflection q → −q and periodic in t with period π: If Q(t) is a solution of (2), then −Q(t) is also a solution of (2), and Q(t + π) = Q(t). The wave function ψ has nodes at (q, t) = (0, (n + 1/2)π) and at (q, t) = (±1, nπ) for all integers n. There are three trajectories which periodically run into nodes of ψ, see Figure 1 . One of them, the constant Q t = 0 for t = (n + 1/2)π, is a solution of (2) which runs with velocity 0 at times t → (n + 1/2)π into nodes of ψ. The other two "node-crossing" trajectories (which are reflection images of each other) are singular at the nodes: for example, in the vicinity of the node at q = 1, t = 0 the trajectory running into it has the form Q t = (3t 2 /4) 1/3 + 1, i.e. it has infinite velocity at t = 0.
In this example the trajectories may be continued through the nodes in an obvious and consistent way. This is an artifact of the low dimensionality: In fact, in
employing the equivariance of the |ψ t | 2 -measure, i.e. that the density ρ 0 = |ψ 0 | 2 evolves under the Bohmian dynamics to ρ t = |ψ t | 2 (Dürr, Goldstein, Zanghì 1992a;  see also Section 4), and the property that trajectories do not cross in configurationspace-time. Clearly, much less regularity of ψ is needed for this definition of the motion of the Bohmian configuration-in particular, nodes of the wave function are no problem-and, if both definitions (2) and (5) are possible, they agree. However, a generalization of (5) to the physically most interesting case of d = 3N-dimensional configuration space is not known. We shall turn now to the question of the existence of global unique solutions of the equations of motion of Bohmian mechanics, (1) and (2).
The Schrödinger equation
In Bohmian mechanics, the evolution of the wave function ψ according to
Schrödinger's equation (1) is independent of the evolution of the actual particle configuration Q according to the guiding equation (2), while for the integration of (2) we need ψ. Therefore, when solving the initial value problem, we may consider Schrödinger's equation first.
The linear partial differential equation (1) (Kato 1951, Reed and Simon 1975) . Usually, boundary conditions on the wave function have to be specified in order to get a unique time evolution (U t ) t∈IR . In more technical terms, one has to select a self-adjoint extension H of the partial differential operator H, which is a priori defined only on sufficiently smooth functions. As different self-adjoint extensions generate different time evolutions of the wave function, the choice of the right self-adjoint extension is a matter of physics.
We shall comment on this in Section 4. Given (U t ) t∈IR , for any initial ψ 0 ∈ H we have a global unique wave function ψ t = U t ψ 0 . This wave function, however, in general is not a genuine solution of Schrödinger's equation: Generic ψ 0 ∈ H are not smooth functions, and ψ t will not be differentiable, so that the differential equation (1) cannot be discussed. The standard procedure now is to forget about Schrödinger's equation, and argue that all one is interested in is a unitary time evolution-or, even more abstractly, a unitary representation of the time translation group. This is, however, not sufficient for our approach. From the point of view of Bohmian mechanics, the wave function ψ is a smooth field on configuration-space-time solving Schrödinger's equation. To obtain this, we have to put suitable conditions on the initial wave function ψ 0 . It turns out that a suitable subspace of H is given
denotes the domain of the n-th power of the Hamiltonian, i.e. the set of wave functions for which the expectation value of the 2n-th power of H, the "energy," is finite, We have:
where Ω denotes the set where the potential is smooth. This result cannot be genuinely strengthened: the wave function cannot be expected to be regular at points where the potential is singular. For instance, the ground state eigenfunction of the Coulomb potential V (q) = 1/|q|, e −|q| , is not differentiable at the singularity of the potential at q = 0. Important examples of potentials are the N-particle Coulomb interaction for particles with charges e i
{q i = q j }, and the N-electron atom
{q i = q j } , in the approximation that the nucleus with charge e n is at rest at the origin, acting like an external Coulomb field.
The Bohmian trajectories
With the wave function ψ ∈ C ∞ (Ω × IR), the velocity field v ψ (3) can be formed on the set where the wave function ψ = 0. We shall call the set where the velocity field is regular G = (Ω × IR) \ N , where N is the (space-time) set of nodes of the wave function N = {(q, t) ∈ Ω × IR : ψ t (q) = 0}. On this set, the first order ordinary differential equation (2) is locally integrable. If we extend the solution as far as possible, we obtain for each initial value q 0 ∈ G 0 , i.e. (q 0 , 0) ∈ G, a maximal solution (2) is global, i.e. nodes of the wave function or other singularities of the velocity field will not be reached in finite time, and the solution does not "explode," i.e. reach infinity in finite time.
(Cf. the example of Figure 1 : the set of initial configurations for which the solution of (2) is not global consists of 3 points-certainly a set of P ψ 0 -measure 0-while for all the other initial values the solution is global.)
We shall comment on the proof-which is in fact quite intuitive-in the next section. (For the details, see Berndl, Dürr, Goldstein, Peruzzi, Zanghì 1995.) Despite the relative simplicity of the proof, the generality of the result is rather surprising.
The analogous problem in Newtonian mechanics-global existence and uniqueness of solutions of the N-body problem for Newtonian gravity-is a classical problem of mathematical physics which has been investigated with a great variety of methods (Moser 1973 , Diacu 1992 , but for which the analogous result-global existence of solutions for Lebesgue-almost all initial values in the N-particle phase space IR 6N -
has not yet been established. In addition to the possibility of collision singularities, the N-body problem with N > 3 yields marvelous scenarios of so-called pseudocollisions, where some particles, while oscillating wildly, reach infinity in finite time. analysis-one has to deal for example with the problem of singular interactions in the case of point particles resp. multiple collisions in the case of rigid balls. Secondly, more interesting than equilibrium properties and much more difficult to analyse are the physical effects occuring in the transition from nonequilibrium to equilibrium.
In Bohmian mechanics, actual trajectories are interesting in some cases. However, to determine the equilibrium properties they are not needed. And in contrast to the situation in classical physics, we have the strongest empirical evidence that our world is in quantum equilibrium (Dürr, Goldstein, Zanghì 1992a and 1992b) . Bohmian particle motion,
4 The quantum flux
The preceding sentence may have confused readers: Why isn't the equivariance of the |ψ t | 2 -measure clear without an intricate examination of the global existence and uniqueness of solutions of Bohmian mechanics? Why doesn't (6) follow immediately from a comparison of the continuity equation for an ensemble of configurations moving with velocity v ψ and having a density ρ t (q)
with the "quantum continuity equation"
noting that the quantum probability current
The answer is that the continuity equation (7) expresses how an ensemble density ρ 0 evolves under the deterministic evolution of the trajectories, and holds therefore on just that set which is covered by the integral curves of v ψt . We shall denote this set-the image set of the maximal solution Q-by I:
Equation (8), on the other hand, is an identity for every ψ t which solves Schrödinger's equation. Thus (6) holds on I: ρ t (q) = |ψ t (q)| 2 for (q, t) ∈ I. By putting ρ t (q) = 0 on the set which is not reached by the Bohmian trajectories (Ω × IR) \ I, we obtain ρ t (q) ≤ |ψ t (q)| 2 for (q, t) ∈ Ω × IR. This insight is fundamental to the proof of global existence.
The second fundamental insight comes from the consideration of the configuration-space-time flux J(q, t) = (v ψt (q)ρ t (q), ρ t (q)). To establish P ψ 0 (τ + = +∞ and τ − = −∞) = 1, i.e. that for P ψ 0 -almost all initial configurations q 0 the maximal solution is global, we have to show that the solution will reach singularities of the velocity field or infinity in finite time at most for a set of initial configurations of P ψ 0 -measure zero. The probability of such a "bad event" is estimated with the help of the flux J(q, t): For any hypersurface Σ in configuration-space-time with local normal vector field n(q, t) and surface area element dσ,
is the expected number of crossings of the hypersurface Σ by the Bohmian trajectory and hence a bound for the probability of crossing Σ. We obtain
with the quantum flux
Consider now neighborhoods around the singularities of the velocity field: N ǫ , a (configuration-space-time) neighborhood of thickness ǫ around the set of nodes N of the wave function, S δ , a (configuration space) neighborhood of thickness δ around the set of singularities of the potential S = ∂Ω, and K r , a sphere in configuration space of radius r to control escape to infinity. G ǫδr denotes the set of "ǫ-δ-r-good" points in configuration-space-time: Figure 2) .
A Bohmian trajectory approaching a singularity of the velocity field or infinity first has to cross the boundary of G ǫδr . From (9), we obtain the following bound for the probability of a "bad event" in the time interval [0, T ]: for all 0 < T, ǫ, δ, r < ∞
with
By proving that for appropriate choices of sequences ǫ → 0, δ → 0, and r → ∞ the right hand side of (10) gets arbitrarily small we show that for all T > 0, P ψ 0 (τ + < T ) = 0, and thus P ψ 0 (τ + < ∞) = 0. From time reversal invariance we obtain that also P ψ 0 (τ − > −∞) = 0, and that altogether the solutions of Bohm's equation (2) with the velocity field (3) are global for almost all initial configurations.
Heuristically, it is rather immediate that the flux integrals N, S, and I get arbitrarily small as ǫ → 0, δ → 0, and r → ∞. For N, observe that the flux J ψ = 0 at the nodes of the wave function. From the continuity of ψ, J ψ is small in the vicinity of N . Furthermore, the nodal set N itself is generically small: since ψ is a complex function, the set where ψ t (q) = 0, i.e. Re ψ t (q) = 0 and Im ψ t (q) = 0, is generically of codimension 2 in configuration-space-time. Thus the area of ∂N ǫ should be small. Of the set S of singularities of the potential V , we assume in Berndl, Dürr, Goldstein, Peruzzi, Zanghì 1995 that it be contained in a union of a finite number of (3N − 3)-dimensional hyperplanes, as is certainly the case for the Section 2. This connection is realized by considering that from integration by parts
for M = K r \S δ , and thus by the self-adjointness of the Hamiltonian
This is only slightly weaker than the vanishing of S(δ) and I(r) in the limit δ → 0, r → ∞, which is part of our sufficient condition for global existence of Bohmian trajectories. Moreover, in situations where the self-adjoint extension of H (cf. Section 2) is not unique, the particle picture of Bohmian mechanics supplies an interpretation of the different possible boundary conditions yielding different time evolutions of the wave function and thus a basis for the choice of one over the others. (For more on these points, see Berndl, Dürr, Goldstein, Peruzzi, Zanghì 1995.) In this way, the point of view of Bohmian mechanics provides genuine understanding to the mathematics around the self-adjointness of Schrödinger Hamiltonians! Usually, the self-adjointness of the Hamiltonian-via its equivalence to the existence of a unitary group-is motivated by the conservation of |ψ| 2 -probability.
Probability of what? The standard answer-the probability of finding a particle in a certain region-is justified by Bohmian mechanics: A particle is found in a certain region because, in fact, it's there. By incorporating the positions of the particles into the theory, and thus by interpreting |ψ| 2 as a probability density of particles being and the quantum flux J ψ as a flux of particles moving, Bohmian mechanics can be regarded as providing the foundation for all intuitive reasoning in quantum mechanics. ψ t+h − ψ t h = Hψ t , where the equality and convergence of the limit holds with respect to the Hilbert space norm and not pointwise as expressed by Schrödinger's equation.
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In this (one-dimensional) example the system explodes only after infinitely many two particle collisions; thus it does not describe a genuine pseudocollision.
